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ABSTRACT 



We discuss the notion that quantum fields may induce an effective time - dependent 
cosmological constant which decays from a large initial value. It is shown that such 
. cosmological models are viable in a non - de Sitter spacetime. 
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CN ' 1. Introduction. The cosmological constant A in the Einstein field equations 
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Riw - -^QiiuR = SnGT^ + Xg^ u (1) 
corresponds to the energy density for the vacuum. In the standard homogeneous and 
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isotropic model of the universe described by the Robertson - Walker (RW) metric 

dv 

ds 2 = -df + a{tf 

vat 

equations (1) give 



(2) 



where k is the curvature constant and a(t) is the scale factor of the universe, the field 



a\ z 8nG k X 
ay 6 a z 6 
where p is the density of the universe. The controversy over the present value of the 
Hubble constant ^H p = continues with the two recently announced values of [1] 

H p = 80 ± \7kms~ 1 Mpc" 1 and [2] H p = 52 ± &kms~ l Mpc~ l . The present value of 
the matter density pu P lies between 10 -48 GeV and 10~ m GeV while the critical density 
p c p = 3H^/8nG ~ !0~ i7 GeV. Eq.(3) can be written as 

^=^ + ^-1, (4) 
1i p ll p 



1 We denote the present value of a quantity by the subscript p. 
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where Q p and VtX are, respectively, the present values of the density parameter Q = p/p c 
and the vacuum density parameter Q v = p v j p c = X/3H 2 where p v = \/8nG. Since 
Hpdp is of order unity it follows that the right - hand side of (4) is either (for k — 0) 
or of order unity (for k = ±1). The present energy density estimates give tt p ~ 0.1 — 0.4 
from which we conclude that | Q% |< 1. This implies | p^ |< lO~ 47 GeV. However, 
gauge field theories imply that the value of the vacuum energy density p v was quite 
different in the early universe from its present value. For example, when the gauge 
symmetry SU{2) L x U(l)y of the standard electroweak theory is broken by the vacuum 
expectation value of a Higgs doublet, the energy density stored in the broken vacuum 

is p v = _|m^(0) 2 3 x 10 8 GeV 4 for a Higgs boson with mass M H « 200Ge\/ and 

(<f)) = 246GeV. This is 55 orders of magnitude larger than the present bound. There 
may have occurred other spontaneous symmetry breakings in the early universe; the 
most celebrated of which is the grand unification symmetry breaking at a mass scale of 
M ~ 10 16 GeV. The vacuum energy density associated with this breaking is ~ lO^GeV^ 
which is 111 orders of magnitude larger than the present vacuum energy density. The 
cosmological constant problem [3,4] is then to explain these huge orders of magnitude 
differences between p^ arly and in a natural way; in particular without fine tuning the 
values of parameters to very many decimal places. 

There have been various attempts at solving the problem of the cosmological constant 
some of which are reviewed in Ref.[4]. One line of attack that has not been reviewed in 
Ref. [4], is suggested in several studies [5 - 7] of quantum field theory in de Sitter space. 
These studies have found that the vacuum expectation value of the energy - momentum 
tensor (T^ u ) of quantum fields in de Sitter space takes the form of an effective cosmological 
energy density times the metric tensor. Due to quantum instabilities the vacuum energy 
density (from now on we will denote p v by A) decays spontaneously and can dominate over 
the matter content of the universe. This idea has been examined in Ref. [8] which concludes 
that such quantum instabilities are unlikely to provide an effective cosmological energy 
density that decays from a large initial value. The analysis is based on the assumption 
that the spacetime metric is approximately de Sitter. This is a necessary condition for 
the decay mechanism of Refs. [5 - 7] to work. It is argued in Ref. [8] that this assumption 
cannot be avoided in a model that possesses a decaying effective vacuum energy density 
- or equivalently effective cosmological constant. 

Shortly after the publication of Ref. [8] however, a decaying effective cosmological con- 
stant model was presented in Refs. [9]. Since then many extensions and generalizations 
of this model have been proposed [10 - 15]. Despite all the interest in this model and its 
extensions, an explanation of how any decaying - A model circumvents the rather strong 
conclusions of Ref. [8] has not appeared in the literature. It is our purpose in this paper 
(1) to exhibit how the negative result of Ref. [8] has been avoided in the model of Ref. [9] 
and (2) to argue that decaying - A models may arise in field theoretic contexts. 
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Before introducing our analysis we would like to point out that, in the context of this 
paper, the term "effective cosmological constant" means the value of Too for a scalar field 
that represents the vacuum in a RW metric. This is the time - dependent vacuum 
energy density in this model. In a general quantum field theory in curved space - time 
one should calculate the effective potential and minimize it with respect to the matter 
fields to obtain the vacuum state. The value of the effective potential in this vacuum 
state is the effective cosmological constant. It should then be possible to directly relate 
this to the covariant vacuum energy momentum tensor, since both are defined in terms 
of the effective action in the vacuum state. 

2. Formulation of the Problem. According to the findings of Refs.[5 - 7], the quantum in- 
stabilities in (T^) of the quantum fields which arise in a de Sitter space provide a variable 
cosmological constant which effectively solves the problem. To ensure a de Sitter - like 
universe which is a necessary condition for the gravitationally - mediated decay mecha- 
nism to work, Ref.[8] imposes the following two conditions on A: (1) A decays slowly 
and (2) A always dominates over the matter and radiation content of the universe. It is 
then shown that, it seems improbable because of these two requirements that a realistic 
cosmology can be constructed which allows A to decay from an initially large value. 

To demonstrate the existence of decaying - A cosmologies which evade the conditions 
mentioned above, we will examine them in the simplest variable - A model presented in 
Refs.[9]. This model displays a decaying effective vacuum energy density (or equivalently 
a decaying effective cosmological constant) in a non - de Sitter context. The universe is 
neither born into a de Sitter phase nor does it evolve towards one. The model is based 
on the assumption that, in a general RW metric, the energy - momentum tensor Tj^^ of 
the universe includes, besides of matter, an additional piece T^JP given by 

T$? = -A(t)^. (5) 

The field equations then involve A(t). One further specifies the model by requiring that 
the energy density of the universe is always given by its critical value p c = 3H 2 /8iiG. 
This determines the intrinsic curvature k to be unity and yields a definite A(a): 

3 1 

In the radiation era, -p—\p and it is possible to solve explicitly for a(t): 

a(tf = a 2 + t 2 , (7) 

where a$ is the scale factor of the universe at t — 0. Thus the universe is born with an 
initial value A = 3/8nGal for the vacuum energy density A(t) which subsequently decays 
so that A(£) ~ 3/8nGt 2 for t 3> a . The equation for A as a function of A is 

A = -2(^) 1/2 A 3 / 2 (l-A/A ) 1 /2. ( 8 ) 
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For t>fl (i.e. a » a ) A may be well approximated by A ps —a A 3 / 2 which is Eq.(2) of 
Ref.[8] with a = 2^8ttG/3. 

It is clear from Eq.(7) that the spacetime metric is not de Sitter. The particular form 
of A(a) in Eq.(6), which is charecteristic of this model and its generalizations, avoids 
these constraints. The resulting cosmology is realistic and phenomenologically viable [9]. 
The two conditions (1) A p for all t and (2) | Aa/Aa |<C 1, imposed in Ref.[8] as de 
Sitter conditions, are therefore not satisfied. In fact A p holds only when a ~ a while 
| Aa/Aa \— 2. One may thus conclude that the negative result of Ref.[8] is indeed limited 
to de Sitter - like metrics and does not extend to a general RW metric. 

It thus remains to consider whether models of this type may arise in a field theoretic 
context. Consider a model in which the evolution of the universe is described by a uniform 
scalar field 0. The metric is RW with k — 1 and the Lagrangian density is specified as 



where 



with 7 = -C/'(0i)/C/(0i) > and V x = U^e^ 1 [16]. The potential U(<f>) may be chosen 
to have the characteristics required to spontaneously break the symmetry in </> < (/> 1 . We 
are interested in the large t behavior of the model. For > 0i, the field equations 



d\ 2 8nG.l l2 1 
ay 6 2 a 



) =—(^ 2 + vm-- 2 , (ii) 



and 

4> + 3- + V'{4>) = 0, (12) 
a 

admit the exact non - de Sitter solution 

a(t) = a 2 (l + Ct) ; <j>(t) = <j) 2 + 2 7 - x /n(l + Ct), (13) 

where 



27rG Tr o. 3 o. 



(14) 



provided that 7 2 /87rG < 2. The constant rate d of the expansion is less than unity when 
7 2 /87rG < 1. The solution (13) is valid for t > t\ where <f>(ti) = <pi. Eqs.(14) determine 
C and a(ti) or equivalently C and a(0) if U(<f>) is known. 
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The scalar field (J) may be taken either as the nonvanishing vacuum expectation value of 
a quantum field or as a representation of the non - trivial vacuum of curved spacetime. 
The induced effective vacuum energy density in either case is ^<f> 2 + V((f>). This yields 

A(f) = 6CV 2 (1 + Cty 2 ~ 6 7 - 2 t" 2 , (15) 

for large t. Thus A(t) decays to zero from any initially large value it might have had. One 



observes that A = -^/2/3 7A 3/2 as in Eq.(2) of Ref.[8] while | ka/ka | = 2 as above. For 
large t the scale factor a(t) is not much different from that of the critical density model 
indicating that the two models have desirable cosmological features in common. 

3. Stability Analysis. Before we discuss the stability of our solution, an important and 
novel feature of models with p^ (or A) decaying as a~ 2 should be pointed out. Using 
Eqs.(13)and (14), Eq.(ll) can be cast into 

-)' = (16) 
ay nZ 



where 



k eff = k - j 2 , < 0, (17) 

with k = 1 and x 2 — 8nG. The parameter fc e // is the effective curvature scalar of the 
present model universe. Thus, even though the three - geometry of the universe is closed 
(i.e. k = 1), the universe evolves as if it is open due to the fact that k e ff < 0. This always 
happens even with more realistic models containing radiation and matter whenever p^ 
(or A) decays as a~ 2 . Consequently the universe avoids collapse as long as k e ff remains 
negative. Hence the intriguing possibility of a closed but ever - expanding universe. 

Stability of the system of equations (11) and (12) with V((f>) given in Eq.(10) can be 
investigated by introducing a new time variable r and defining a new scale factor a(r) 
such that [17] (see also Ref.[18]) 

A — yi/2A. 

dt dr (lg) 

a(r) = exp(a(r)). 

In terms of these variables equations (11) and (12) become respectively 

,9 X 2 /I ,9 \ ke' 2a+ ^ . . 

a ,2 = 4r -0 /2 + l 77 (19) 



3 V2 r J V x 
<P" = I 7 0' 2 - 3a'0' + 7 (20) 
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where a prime denotes differentiation with respect to r. An equation which does not 
depend on k and V\ is obtained by differentiating Eq.(19): 



«" = ^7«>' - - 1) - « 2 - (21) 

Defining the new variables x — <p' and y = a' the system of equations (20) and (21) are 
transformed into the following two - dimensional autonomous system 

x' = \^x 2 — 3xy + 7, 

(22) 

y' = \i%y - \(x 2 - i) - y 2 - 

The system (22) possesses the following critical points 

(x y) = (±—^— ± X ^ ) (24) 

V V^x 2 - i 2 ' V^x 2 -i 2 )' 

In Figure 1, we depict the phase flow in the xy plane for \ 2 = 3, and 7 = 1, where the 
critical points corresponding to (23) and (24) are the attractor A and the saddle point 
S, respectively. The k = +1 solutions are separated from the k — —1 solutions by the 
k = trajectories which are the hyperbolae y 2 = \x 2 + 1, as follows from Eq.(19). (For 
a detailed discussion of the solutions for other values of the coupling we refer the reader 
to Ref. [18]) Figure 1 indicates that only some of the k = +1 solutions are asymptotically 
stable. Does our solution given in Eq.(13) belong to the family of the stable solutions? 
The answer is affirmative. As we have noted above cosmological solutions with decaying 
as a(t)~ 2 lead to an effective curvature scalar given in Eq.(17). It is shown in Ref. [18] 
that irrespective of the value of the coupling all the k — — 1 solutions are asymptotically 
stable. Hence the stability of our solution follows as long as fc e // remains negative, which 
is the case for 7 2 /x 2 < 2 

4. Primordial Nucleosynthesis. It is argued in Ref. [8] that cosmological models that are 
dominated by a decaying cosmological constant predict a primordial A He abundance to- 
day which is < 10~ 26 (Assuming that 4 ife are not direct products of A). This conclusion 
follows from combinations of assumptions which do not hold in models of the type con- 
sidered here. The details of primordial nucleosynthesis in decaying vacuum cosmologies 
with A decaying as a~ 2 have been considered in Ref. [14]. Here ,we will outline how the 

2 The stability of all the cosmological solutions with p^, = ^cb 2 + V{<j>) decaying as a(t)~ 2 and V(<f>) = 
Vie -7 ^ can be investigated by substituting in Eq.(ll) — 3c/x 2 a 2 , where c > 1 so that k e ff in Eq.(17) 
is negative. One then finds that all the k = +1 solutions with this property are indeed stable. We hope 
to expand on this in future work. 
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method of Ref.[14] can be implemented in a field - theoretic model. As the scalar field 
evolves and decays into radiation and matter, there comes an epoch at which the scale 
factor is no longer given by that in Eq.(13). This is due to the accumulation of radiation 
(i.e. relativistic particles) and matter (nonrelativistic particles). The period starting with 
this epoch, at which t — U and a = a*, may be called the radiation - dominated era, and 
lasts, as in the standard model, until the radiation and matter energy densities become 



equal at a 



"eq- 



The decay of the 



be modeled by [19] 



field energy density into radiation and matter can 

V0 2 , Pm = T r 2 , (25) 



where T r and T m are very slowly varying functions of time. We approximate them by 
constants here. Upon the inclusion of radiation and matter Eq.(ll) changes to 



dy 

a) 



8ttG 
8nG 



(Pr + Pm+ P4>) 



r + r + 



+ v(<i>) 



and Eq.(12), which follows from the conservation equation 



d 



{P<t> + Pr+ Prn)a 3 + (^ + Vr + Pm)da 3 = 



when p r 



0, is replaced by 



(i + 2r r + 2r m )0 + 3(-r r + r m 4 i 



+ 



dV{(f)) 

dcj) 



(26) 



(27) 



(28) 



Due to the creation of radiation and matter the scalar field and its potential change to 



<f>(t) = 02 ln(l + Ct) , V{4>) = DV ie ^, 

n7 



(29) 



where the coefficients n and D are to be determined from Eqs.(26) and (28) self - consis- 
tently. We obtain the relations 



D 



n(n + 1) 



n 



1 



n + 1 



(30) 



Since the kinetic energy of the scalar field cannot convert to radiation and matter with 
hundred percent efficiency, the sum T r + T m must be less than unity. Hence, it follows 
from Eq.(30) that n < 1 + \/2. Without loss of generality, we will take in the following 
n = 2. Next, we express the scalar field energy density p^ and the pressure in terms of 
T r + T m and make the assumption that even though radiation and matter are in thermal 
equilibrium they evolve almost independently of each other, as in the standard model. 
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Upon multiplying through by a the energy conservation equation (27) then leads to two 
approximately independent equations: 

21T 

d(p r a 4 ) = — — — r ada, (31) 
X 2 (6 - 3 7 2 /x 2 ) 

2ir 

= X 2 { Q_^2 /X 2 ) da - ( 32 ) 

We assume that Eqs.(31) and (32) hold approximately during the entire evolution of the 
universe, probably with different values for T r and T m in different periods. Integrating 
these equations from a to a eq results in 

nn _ <q£Kx- 2 , fr rX ' 2 (6-3 7 Vx 2 )- 1 

Pr — ~I I ~^ ) K 00 ) 



.d_ ^<x- 2 2ir mX - 2 (6 - 3 7 2 / x 2 ) 

P m a 3 a 2 ' 1 J 

where = rW4 - f r r /(6 - 3 7 2 /x 2 ) and = x 2 p eg <-2ir m /(6-3 7 2 /x 2 )- Due 
to the fact that majority of the existing particles are relativistic and that the scale factor 
is relatively small in the radiation - dominated era, the a~ 4 term in Eqs.(33) dominate 
over the a~2 term. Thus, to a very good approximation near and at T m lMeV the 
radiation energy density reduces to 



« <^fl. (35) 



It should be noted that the radiation energy density in Eqs.(35) has the same dependence 
on the scale factor as in the standard model. Substituting Eq.(35) into Eq.(25) and 
neglecting p m and p^, the scale factor is found to be 




a(t) w |y ^Je q ] a eq (t - U) + al ] , (36) 

where t* at which a = a* marks the epoch when the scalar field and the radiation energy 
densities are equal. The universe is assumed to enter the radiation - dominated era once 
a > a*, and a ^> a* near and at T m lMeV. Hence, the behavior of the scale factor 
is a (t) ~ t 1/2 , just as in the standard model. The rest of the analysis of primordial 
nucleosynthesis is similar to that in the standard model. The details can be found in 
Ref.[14] where it is shown that the desired 4 He abundance is obtained in models with a 
vacuum energy decaying as a~ 2 . 

5. Conclusions. The existence of decaying - A models, in phenomenological or field theo- 
retic contexts, indicates that the negative result of Ref. [8] hinges on the assumption that 
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spacetime is de Sitter - like. Our conclusion is that it is not unlikely that a realistic quan- 
tum field cosmology with a decaying effective cosmological constant can be constructed. 
There is no general argument against such a construction. It is only necessary that the 
spacetime be non - de Sitter in such a theory. Cosmological models based on a homoge- 
neous scalar field whose energy density behaves like a time - variable cosmological constant 
in a non - de Sitter spacetime have long been considered. References [16] , [20 - 22], and 
[23] are examples of such an endeavor. 
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FIGURE CAPTIONS: 



Figure 1: Phase flow in the xy plane for x 2 = 87rG = 3, and 7=1. The dashed curves are 
the hyperbolae y 2 = \x 2 + 1 corresponding to the k — trajectories. The region between 
the two hyperbolae correspond to the k — +1 trajectories while the regions inside the 
hyperbolae correspond to the k — — 1 trajectories. The points A and S are the attractor 
and the saddle points, respectively. 
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